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1. Introduction

1.1. Small volume asymptotics
Consider the perturbation of a reference medium with smooth, positive conductivity,
by small inhomogeneities

/Tt /-

Reference configuration : Perturbed configuration :

conductivity v(z) conductivity ve(z) = v(z) + (k — v(z)) 1w, (z)
div(yVug) = 0 inQ div(yeVue) = 0 inQ
YVug - n = g onoQ YeVue - n = g onoQ
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There has been a lot of work on deriving asymptotic expansions of u. — ug or other
related quantities

Typically, in the case of a single inclusion, say we = ¢ + €w, one may introduce a
Neumann function for the reference PDE

—divy(YVyN(z,y))

YVyN(z,y) - n = 1/]99| on 0Q

0z(y) inQ

which, multiplied by the difference us — ug, yields a representation formula at a point
x € Q, far from xzg

(w—uo)e) = [ (1= WYN@y)Tucly) dy



Introducing the ansatz

Yy — o
ue(y) = wuo(y) +ev( ) +re(y)
one obtains an expansion of us — ug in terms of the volume of w;,
ue(z) —uo(z) = |we|MVug(zo):  VN(z,20) + o(|wel)

The corrector
d
v(y) = > Fuyuo(@0)d;(y)
j=1
is a linear combination of the solutions in the whole R? to
—divin(y)V(e;(y) +y;)] = 0 inR"
#;(y) = 0 aslyl — oo
and the polarization tensor M is deduced from the correctors via

0¢i
M = (7—’@)/ dij — 82 dy
w 5




M contains information on the coefficient contrast and on the geometry of the
inhomogeneity

Such expansions have been used successfully to design robust algorithms for the
detection of small inhomogeneities from boundary measurements [Briihl Hanke
Vogelius, Ammari et al,...]

They also have been used for giving estimates on the volume of the inhomogeneities
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References + extensions :

- Conduction [Cedio-Fengya Moskow Vogelius 98]

- Derivation of higher order terms in the expansion for piecewise constant
coefficients, using integral equations [Ammari Kang 04]

- Elasticity [Ammari Alves 01]

- Helmholtz equation [Vogelius Volkov 00]

- The Maxwell equations [Ammari Vogelius Volkov 01]
- Asymptotics for eigenvalues [Ammari Moskow]

- Cracks [Friedman Vogelius 89]

- Strip-like inclusions [Beretta Francini Vogelius 03]

- Also work by Kozlov, Movchan, Lipton...



1.2. A general representation formula [Capdeboscq-Vogelius 03]

Assume that the medium is perturbed by inhomogeneities contained in a small subset
we of Q such that

- we is measurable

- dist(we, 0Q2) > dg >0

- lime0 |lwe| = 0

- The conductivities v and 7. are uniformly bounded and elliptic

Then for a subsequence ﬁlws (z) — pu weakly-* in the dual of C°(Q)

— 1
V¢ e Co(Q), lim/ — 1y (@)p(z) = <p,p>
e—=0 /o |w5‘
there exists a matrix-valued function M in L2(Q, du) such that

e (@) —uo(z) = el /g;wfkwwo(y)-VN<y,wo>du<y>+o<|w5\>



Again, the expansion is obtained using the representation formula
/ YoV(ue —ug) - Vo = / (v0 — 7v1)Vue - Vo
Q We
and one can show that

— 1o, Vucdr — MVugdp

e

o When w has the form xg + cw, then du = 6, and M = M,



1.3. Perturbations in the type of BC'’s
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We now consider the following reference configuration :
—div(yVug) = f inQ
9
ﬁ = 0 on FN
uQ = 0 onlp
and the perturbations
—div(yVue) = f inQ —div(yVue) = f inQ
ac“;tf = 0 only\we %I:f = 0 onlyUwe
Ue = 0 onTpUwe Ue = 0 onlp\we

where we is a piece of I'y (resp. I'p) in the system on the left (resp. on the right)



Previous work

- Perturbations of Neumann BC's relate to the narrow escape problem (motion of a
Brownian particle trapped in a domain with reflecting boundary except for narrow
absorbing windows)

[Cheviakov-Ward-Straube 10, Holcman-Shuss 14, Ammari-Kalimeris-Kang-Lee 12,
Lee-Li-Wang 14,...]

- The case of 2 cavities connected by a narrow gate iz analyzed in
[Bendali-Fares-Tizaoui-Tordeux 12]

- There is recent work on optmizing the boundary conditions for wave enhancement in
a cavity with tunable reflecting metasurface
[Ammari-lmeri-Wu 18, Ammari-Bruno-Imeri-Nigam 20]

where the asymptotic expansions are used to compute a topological derivative in order
to nucleate a Neumann part of the boundary

In this latter series of works, perturbed NBC and DBC are addressed for A in 2D



Our interest in this problem stems from structural optimization problems in which one
tries to distribute a certain amount of material in a fixed given domain 2 so as to
minimize a cost functional

A typical example is that of compliance optimization

Given 00 =Ty UTp,g € L2(Tw), l € R, find x € L>=(Q, {0, 1}) that minimizes

I = '/QAe<ux>:e(ux>+l./Qx

where uy is the solution in to

div(de(uw)) = 0 inQ,:=Qn{x=1}
Ae(u)n = g onT'ny Ny
u = 0 onI'p NQy

where e(u) := 1/2(Vu 4+ VuT) and A denotes the Lamé tensor



[See the review by G. Allaire, C. Dapogny and F. Jouve, Shape and Topology
Optimization, Handbook of Numerival Analysis, vol. 22. pp. 1-132, 2021]




How does this relate to the asymptotics ?

- One may want to further rigidify a structure by fixing it to the external frame on
small subsets of the boundary (e.g. with screws)

- In additive manufacturing, one tries to avoid overhangs by using thin supporting
columns : finding their optimal location may be incorporated in the optimization
process

- However, the practical implementation of the asymptotic expansions that we
derived requires a more explicit characterization in model situations



Main assumptions for the asymptotics

A

- Qs smooth, Q2 C R? or R3
- the conductivity +y is elliptic and smooth

- we is a finite number of connected, open Lipschitz subdomains of 952, the
closures of which do not intersect

- we C 'y and dist(we,I'p) > dmin > 0 for the perturbation of a Neumann BC
(and the other way around for the perturbation of a Dirichlet BC)

- f is smooth



2. A general representation formula

2.1. How to measure how small w; is ?
e In the case of the perturbation of a Neumann BC, we set for a set £ C R4

cap(E) = inf{[|v|]|g1(gay, v(z) =1 a.e. in an open neighborhood of £}

= inf{|jv|]|g1(ga), v(z) =1 ae. in an open neighborhood of £}

Assume that Q@ C R% is a smooth domain, w a Lipschitz subset of 92, and
u € H'(R?) such that

v = 1 onw (asa function of H'/?(w))
then cap(w) < ||UH§{1(R'1)
In particular, if D: = {z = (z1,...,74_1,0) € R?, |z| < &} then

cap(D:) = O( ) whend=2 cap(De) = O(e) whend=3

b
lin(e)]



o In the case of the perturbation of a Dirichlet BC : let w C R be a finite collection
of disjoint Lipschitz hypersurfaces and set

e(w) = max{/ [Vz|? + 22, z € HY(R%) \ @ and {
K Rd
where the max is taken over all functions x € C>°(R%) such that k(z) = +1,2 €@

When w has a single connected component, e(w) is the energy of the unique
z € H' (R%)\ @ such that
~Az+2z =0 inR¥\w
Opz = 1 on w

(One could call this number the Neumann capacity of w)



We would rather use a measure of the smallness of w. that does not require the
resolution of a PDE

This is possible in certain cases :

If wC T'p C 9N is well separated from 'y by dpin, then

e(w) < CDw) :=C do(x)

0 pu(@

1
where po(z) = / — do(y)
ao\w |z —yl?

where C = C(Q,T'p,dmin)



2.2. Perturbation of a Neumann BC

75 75
R
f‘m\ﬁ‘ We
Recall that
—div(yVug) = f inQ —div(yVus) = f inQ
%L# = 0 only %uni = 0 only\we
uo = 0 onlp Ue = 0 onI'pUwe

Elliptic regularity theory implies that ug is smooth in £ except possibly at the points
where I'p, I'y and w: meet and

lluollez < ClIfllgm )



Key estimates

Let x. € H(Q2) solve
—Ax: =0 inQ

Xe =1 on we
xe =0 onIT'p
67LXE =0 on 'y \wis

Lemma : There exists constants 0 < ¢ < C independent of w, such that

ccap(w5)1/2 < ||XE||H1(Q) < Ccap(wg)1/2

lIxell2(q) < Ccap(we)®/*



It follows from these estimates, that for any function ¢ € C1(992)
(continuously extended into 2 by a function ¢)

|/{;Q XeOnxeddo(y)| = |/QV(XE¢~>)'VXE dy| < Ccap(we)||¢llc1(an)
Invoking the Banach-Alaoglu Theorem, we may assume that there exists a bounded
linear functional 1 on C(9Q) such that (for a subsequence)

XeOnxepdo(y) — < jp,¢>



Consider the difference r. = u: — ug, solution to
—div(yVr:) =0 inQ

re = —UQ on we
re =0 onI'p
Onre =0 on 'y \ we

Since ug is smooth on w. (as these sets are uniformly embedded in I'y) the Lemma
shows that

lIrell i (@) = Ofcap(we)'/?)  and  ||re||p2(q) = O(cap(we)®/*)



Using the Neumann function N, we obtain the representation formula
@) = [ (= dvGT,N @) ) dy
Q
= [V Y N@dy = [ )0, N ) dotw)
Q Ele)
= [ A @0re) N w)dow) = [ (0)00, N 9) o) doty)
29 a9

@ = [ @)oure() Nw) o)

A

Let ¢ € C1(09) such that ¢ = 0 on {y € 99, dist(y,T'p) < dmin/3}



We extend ¢ inside €2 by a function 7 so that
Yv=9¢ondQ, and |[[¢llc1q < Cldllcran)

Then we compute (compensated compactness argument [Murat-Tartar,
Capdeboscq-Vogelius])

/ YOnTe ¢
o0

/ws ¥Onre (Xe¥)

/ YVre - V(xet)
Q

/ VXV -V + / YYVre - Vxe
Q Q

/V('ers)'va+Tl */ reV(vY) - Vxe
Q

JQ

= / (Onxe) |:’Y¢""s] +T + 7% (and re = —ug on we)
Ely)

| @ [ruoxa)s] + 71 + 72

—/ XeOnXe {W’lt()é] + T +T>
09



The terms 77 and T% can be estimated using the bounds on X and the regularity of
uo

T < Clixellpz@llrella@)lléller @)
< Ceap(we)® | £l arm e l1ller a0

and a similar estimate holds for T5.

Let x € ©2 and 1 a smooth cut-off function on 9 with support in 'y

We set ¢(y) = N(z,y)n(y) to rewrite the representation formula

re(r) = /)2 ¥(©)nre(y) Nz, y) do(y)

/ ¥ (®)0nr<(y) N(z,9)1(y) do(y)
1519}

= [ xetuxe [yuoN (e w)n] dotw) + Ocap(ue)®)
o0

= —cap(we) < p,yuoN(z,)n > +o(cap(w:))



One can check that

<pl> = lim Xe 8HX87dU(y) >0
e—=0 /90

and that the support of p is included in any compact subset of 952 that contains all
the we's, so that p is in fact a non-trivial Radon measure

Thm

Let ue solve the Perturbed-NBC problem and assume that lim¢_,¢ cap(we) = 0

There exists a subsequence of the u.'s and a Radon measure p supported in 052, such
that for all x € Q

ue(z) = wuo(x)— cap(we) < p,yuoN(z,-) > + o(cap(we))

The first order term represents the field induced by a collection of monopoles
distributed on the limiting location of the vanishing subsets we



2.3. Perturbation of a Dirichlet BC

N

We can analyse this case using the same ideas : what replaces the functions x. here
are the solutions in H1(Q) to

“AG =0 nQ
(=0 onI'p \ we
OnCe =1 onwe

OnC:=0 only

Lemma : There exists constants 0 < ¢ < C independent of w, such that

ce(w)? < Iell i (ay < Celwe)'/?

[1CellL2 () < Ce(we)®/*



Thm

Let uc solve the Perturbed-DBC problem and assume that lim:_,¢ e(we) =0

There exists a subsequence of the u:'s and a Radon measure p supported in 952 such
that for all z € Q

duo(y) ON(z,y)

uela) = uofe) — efwe) < i y(v) o PEI 5y ofe(wr))

In this case, the first order term represents the field induced by a collection of dipoles
distributed on the limiting location of the vanishing subsets w.



4. Explicit examples
It is easy to check that the measures ;1 are Radon measures, the supports of which are
contained in any compact subset of 92 that contains the w;'s

We have investigated simple situations, when the w,'s are surfacic balls, where we
have been able to give an explicit characterization of the corresponding u's

— o L~

I TV

Specifically, we is the image of a segment (in 2d) or of a flat disc (in 3d) that shrinks
to a point (say 0) as e — 0



Thm

Assume that the sets w. are unifomly contained in the interior of either I'y or I'p and
concentrate on the point 0

Assume that z € Q\ [(FD NTy)U {0}]

Expansion for the perturbed NBC

™ 1
ue(x) = wo(x)— W’Y(O)UO(O)N(% 0) + o( \ln(5)|) when d = 2
us(z) = wo(z)— 4ey(0)u(0)N(z,0) + o(e) when d =3
Expansion for the perturbed DBC
us(x) = wo(z)+ adsd'y(O)((juL(o)M + o(e?)

on Ony
with d = 2,3, a2 =n/2 and a3 = 1/3



A few words about the proof

Pull back we to a locally flat interface D. with T' : O — Q

Set wve=wuco0T, vo=wugoT
The PDE  —div(yVue) = f  transforms into  —div(AVv:) = foT
with a non-homogeneous, possibly anisotropic conductivity

A = |det(VD)|(yoT)VT'vTT



Given a symmetric matrix Aset M =A"1/2 and

1 ~ - - ~ -
L;i(z,y) = —§|det(M)|(1n|Mac — My|+In|Mz — My + 2y2|)

Then, in the lower half-space H = {y2 < 0}, L ; solves
fdiv(AVLA (z,y) = 6z(y) inH

0 on OH

AVL 4 (z,y) - n(y)



For & € O, away from D, we choose A = A(x) and we write a representation formula
for se = ve — g

@) = = [ dvA@)(VyLaw @9)sw)

[ A@TyLawy s + [ (A) — AW) Ty Law  Tys:
dO\U o

+ . (AVse - n)(y) La(z) do(y) + . (AVse - n)(y) La(z) do(y)

Letting © — D, and rescaling, we obtain an integral equation for

pe(z) = (AVsec-n)(ez), z € Dy

Tope = /D 0o (2)La(ex) (e, £2) do(z) = —uo(0) + e

where the kernel is explicit



We show that 7. — 0 in H/2(D,)
and that

Tep ~

1 2
7w(0)(|1n(5)\ + cste) /Dl pdo(y) + WSNO

where the operator S is invertible on H—1/2 — H1/2

sip@) = = [ e zle do(e)



This requires estimating the integral operator with kernel

1 1
Ke(z,z) = mln\z\fmln‘\/’ym)]\ﬂsz)z}

which is a homogeneous of class (-1)

The associated integral operator maps H~'/2(D1) into H'/2(D1)

Moreover

o 9P
lim sup sup sup

— ——K(z,z)] = 0
€20 |a|,|8|<k zeR2 |z|=1!0T* 9zP ’

which shows that this operator tends to 0 in the operator norm



We rewrite the integral equation as

_u0(0)+775 = Te(ﬂs(m)
é = Al pe(2)La(ex)(ex,e2) do(z)

1
/D1 @e(z)m In|ex —ez|do(z) + Repe(x)

1 1
= (\lns|+cste)/ <p5+7/ peln|z — z|do(z) + Repe
7y(0) Dy 7(0) Jp,
1 {
invertible 0

So we get

[ o = DOm0
Dy

[Ine| [Ine|



Finally, we write another representation formula for ue, using the fundamental solution

of the reference configuration

u@) = (o) + [ v(y)%(us—uo)(y)N(x,wdoy

which after pull-back and rescaling yields

us(z) = uo(x)#»/.D pe(2)N(z,Tez)do.

— wl) + (/D «pg(zmaz) N(z,0) + O()

7(0)uo(0)N (z,0) + of )

lin(e)] |in(e)]

= uo(z) -



e [Cheviakov, Ward, Li,...] used matched asymptotics for the perturbed NBC
e A similar integral representation was used in the work of [Ammari et al]

e See also [Bonnet] for the case of the Lamé operator



We derived a general representation formula for the asymptotics of the solution
to an elliptic PDE when the type of BC is changed over a small subset w, of the
boundary

We obtained an explicit characterization of the first order term when we is a
surfacic ball

These asymptotics generalize those derived for small internal inhomogeneities,
and the general representation formula shows a similar structure

Perspectives : higher order terms for the perturbed Dirichlet BC,
[Ammari-Kalameris-Kang-Lee], study of effective boundary behaviors

Application to shape optimization: we want to use these asymptotic to compute
a topological derivative in order to optimize also the places where a structure
would be attached



