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Motivation 1:
inverse source problems

robustness and resolution of solution of

Frequency response
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+ radiation conditions

Forward operator: U(x) = Ff(x) =
Bao, Lin, & Triki (2010). J Differ Equ:

F : 12(Do) % 12(0D),

O—m=0m,

Ym(x) < I

Jyeo, H

F=> om(tm)é
(k[x)e

K. (2018). J Phys Commun

HY (k|x — y|)F(y), x € OD

meZ

imLx’ qu(lx) x eimLx
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Bounds on the 'bandwidth’ & of F

K. (2018). J Phys Commun:
Definition: % = argmin,,cn,{0m+n > Tmyny1 for all n € No}.

Theorem: % > argmin .y, {jm1 > kRo}  (tight)
Conjecture: # < argmin, .y {Ym1 > kRo}  (tight)

Theorem: For the source-to-far-field operator, o, = O((kRo/2)™/m!)
when m > argmin, cn.{ym1 > kRo}  (with explicit bound)

Kirkeby, Henriksen, & K. (2020). Inverse Probl:

Theorem: For the Helmholtz equation in R3, we have
Ym,n(x) o< jm(k[x[)Yn(x/[x]) and ¢m n oc Y (x/|x]).

Theorem: % > argmin .y {jm+1/21 > kRo}.

Kirkeby, Henriksen, & K. (2020); K., Kirkeby, & Knudsen (2018). Inverse Probl:

Stability of reconstruction from a finite number of measurements in the
multi-frequency ISP.
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Some related work

Griesmaier & Sylvester (2017). SIAM J Appl Math
Griesmaier & Sylvester (2016). SIAM J Appl Math
Griesmaier, Hanke, & Sylvester (2014). SIAM J Numer Anal
Griesmaier, Hanke, & Raasch (2012). SIAM J Sci Comput

» spectral cutoff of the source-to-far-field operator (" restricted Fourier
transform”) in R? and R3; the singular values decay rapidly when

» windowed Fourier transform

» far-field splitting and uncertainty principles for ISP

Pierri & Moretta (2020,2021). Electronics
Xu & Janaswamy (2006). /IEEE Trans Antennas Propag

» spectral analysis of electromagnetic radiation operators

» applications in antenna design and measurements
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Robustness of solution of inverse source problems
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> T = FTUmzlm‘gcazl(U,(ﬁm)g(aD)wm
» kR = kRy = 107
> B > 26 (K. (2018). J Phys Commun)

> Mhoise = 26 VS. Mpoise = 30, for same amplitude of noise component
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Motivation 2: resolution of control of solutions of PDE

Photonic jet control by amplitude- and phase-modulated illumination of a

dielectric micro-lens.
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» Define the 'lens contrast’ a = kZ(n? — 1), the characteristic function

xum{j . (1)

otherwise,

and the piecewise constant wavenumber
k(x) = ko[l + x.(x)(n. — 1)], x € R°. (2)

» Introduce the 'desired total field' E™" as the solution of the Helmholtz

problem
(A+k(XxP)E*(x) = 0,  x€S5, (3)
E¥(x) = &(x), xeC,
where S is an adequately small open neighborhood of L; the curve C C S
and the function £ together define the desired near-field pattern.
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>

>

>

We have
(A4 K3)E™ = (k§ — k(x)*)E™ = —axi(x)E™, x € S. (4)

Decompose the total field £ in R*\ L into the sum E'** = E" + E>°
of an incident and a scattered field. Assume |E"™| < |E5®|in S\ L.

Since the right-hand member of (4) is compactly supported, and since
the scattered field must satisfy the Sommerfeld radiation condition in the
plane, we have

E*(x) = E*(x) = —a®o * (x.E**)(x)

— o @lc-ETdy, xcS\L (5)
yeL
and thus

E™(x) ~ E*'(x) + a/ do(x — y)E*(y)dy, xcS\L (6)
y€eL

Here ®g(x) = (i/4)H(()2)(ko|x|) is the outgoing fundamental solution of

the Helmholtz operator in the plane, and Hé2) is the Hankel function of

order zero and of the second kind.
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Flgu €. PNJ scanning achieved at the single optical wavelength Ao = 532 nm (common green laser). A 2D
SiO; micro-lens with a circular cross-section of radius 4um, or a square cross-section of side length 8um, is
illuminated along the negative y-axis by a computed structured incident field. The plots show the amplitude (in
V/m) of the resulting total near field, normalized to maximum intensity of 1. Next to each near-field plot are the
computed amplitude and phase profiles of the incident field that produce the desired total near field. The desired
PNJ locations in pum are, from top to bottom: (x, y) = (0, —4.532), (x, y) = (0, —9.32), (x, y) = (0, —4.532),
(x,y) = (0, —9.32) (radial shifts 1\g or 10Xg), and (x, y) = (3.16, —9).

K., Scheel, Pedersen, and Hansen, in review.
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1

Resolution of field control
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Figure: Desired PNJ profiles |ES%,(0)| at OBg,+, (x10° V/m) for

different lens radii R;. 10/44



F(s) = Z Um(57¢m)L2(BRL)¢m (7)

meZ
|m|<B
s:t _ -1 Etot
TsvD = Im (EpNy; Om) 12084, ) om: (8)
meZ
Im|<Bt

scat + ~ +
ES = F(stsvp) ~ Z om(STsvD: ¥m)12(8g, ) Pm

meZ
[Iml<By
= Z (Esvys m)L2(aBRL)¢m- (9)
meZ
Iml<Bt
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Figure: Resulting physically viable PNJ profiles |EZ(6)| at 0Bg,+,
(x10° V/m) for different lens radii R;.
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Figure: Waist-width prediction of PNJ profile for four different lens radii
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Figure: Angular PNJ resolution prediction using the projection from (9)
with both bandwidth estimates By from K. (2018).
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Problem setup
C={etRcosf + e;Rsind, 0 € [0,27]}

/

sing supp C Nsing supp f =0
C N supp f # 0 in general
Pu=fe&'(R") e ule
ue S'(R")

> K. & Winterrose (2021). arXiv:1912.10760v2

> ne{2,3,...}

> (€)= [ epee MEF(x), E€RT e C(RY)

> U,(,j, = 0220 e ™ y(e;Rcosf + e;Rsinf)

> how does {US}ncz depend on f? (relation to old work)
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Comments

» no 'radiation condition’; uniqueness of solution of Pu = f not
guaranteed

» no singular value expansion of the forward operator

» Of all Euclidean spheres, only S°, S and S3 admit a
topological group structure. Therefore, it makes sense to
define the Fourier transform of u|g.—1 only forn=1, n=2
and n = 4. For other dimensions n, one may pick specific
bases of, say, L2(S"1) and treat the projections of u|gn—1
onto the basis vectors as 'the Fourier coefficients of the
measurement.’ Instead, we choose to compute the Fourier
coefficients of the measurement in terms of integrals over
great circles for all dimensions n. Our analysis therefore
estimates the magnitude of the spectral content of the
measurement along any chosen direction in "1,
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The symbol p

Fix 4 € R, and let p € C*°(R") be an elliptic symbol of Hérmander class
S#(R™): for every v € Nf there is a constant C, s.t.

0°p(E)] < CalL+[gP) D2, ¢ e RY,
and there are positive constants C and R s.t.
P(&) > C(L+ €2, J¢l > R.

Assume furthermore that
N
p(&) =) [J(¢l - r)¥, ¢eRr,
j=1

where Ne N, 0<rn<rn<---<ry, g €N, and g e C*(R"\ {0})
st. |g(§)] > G > 0; [g(§)| < G < o0 as [¢] = 0; and [g(€)] at most
polynomially increasing as |£] — oc.
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The operator P
With F, F~1: S'(R") — &'(R") the (inverse) Fourier transform,
and writing Fu = U, define P : S'(R") — S’(R") by

(Pu)(¢) = (F~Lpa)(¢) = G(pF 1¢), ueS'(R"), ¢ SR,

that is, formally,

Pu(x) = (F~1pa)(x) = (2r) " /5 L RO, xR we SRY)

» P = Op(p) € OPS#(R")

» P is microlocal: if f = Pu € C* in a neighbourhood of
x € R" then u € C* in a neighborhood of x.

» since p depends only on &, it is a multiplier, and P is a
multiplier operator

» P is a Fourier (frequency)-domain filter

» a mapping F : Pu— u|c might be expected to essentially

invert the action of P in the Fourier domain
18/ 44



Admissible operators

| 4

>

P=A+ K p(&) =K —[¢]* = —(I¢] + k)(I¢] = k),
g)=—(l+ k). N=1n=k q=1

differential operators of the form P = Zjl\io ci(—AY with
constants ¢; such that at least one of the zeros of the
polynomial t Zjl\io cjt2j is positive

pseudodifferential operators whose symbol p(§) is independent
of the base variable x and that can be transformed by a
diffeomorphic pullback to a symbol with a radially symmetric
zero set
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The main results
> Fix p >0 and let x, € C§°(R") be a window function s.t. x(£§) =1 for || < p
and x(§) = 0 for [£] > 2p.
» Define U, = x,U € £'(R"); then u, is well-defined pointwise, with

ug(x) = (—2m) ""h(—x) = (—27) "(G,)e(€F), x €R".
> Let

0§,m = /9 . e ™ y,(e1Rcosf + eRsinf), meZ. (10)
Lemma 1. (K. & Winterrose) lim,_,o US, = U5, for me Z.

> Fix d € Ng and assume u € S’¥(R"), that is, u € S’(R") and there is a constant
C satisfying

u(9)] < C Y7 sup (1+[x)20%¢(x)], &€ S(R).

l|<d ¥ER

Theorem 1. (K. & Winterrose) If Pu= f and f has moderate growth
then there are constants ¢’ and, for any ¢ > 0, ¢, such that

N
US| < € e 3 (max{L. ml %, [} ()|
j=1

+max{1, |m|%~1, 6d>1\m|d_1}|Jm+1(Rfj)|> for me Z.
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Comments

> "moderate growth”: Vo € Nj 3Cq, mq s.t. V€ € R”
|0%F(€)] < Ca(l 4+ |£]2)m=/2; satisfied by, e.g., point sources

» The main information contained in Theorem 1 is the expected upper bound on
the spectral location |m| of the onset of rapid decay of the Fourier coefficients
Ugm; call this spectral location the 'bandwidth’ of the measurement Uc.

» Theorem 1 distinguishes between classes of solutions according to their order d
as tempered distributions. The assumption u € S’Y(R") is a 'weak substitute’
for a condition implying uniqueness. When uniqueness is ensured, d is given by
the problem dimension n and the distributional order of f.

» The integral in (10) is the Funk-Radon transform of the integrand, evaluated at
a single chosen direction v € S"~1 orthogonal to the plane of C.
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Lemma 1

> Fix p >0 and let x, € C§°(R") be a window function s.t. x(§) =1 for [£] < p
and x(€) = 0 for [¢] > 2p.
» Define U, = x,U € £'(R™); then u, is well-defined pointwise, with

up(x) = (=2m) "hp(—x) = (=27) "(Gp)e(e™ ), x €R™.

Ugym = / e "™y, (e;Rcosd + eRsind), meZ.
0=0

Lemma 1. (K. & Winterrose) lim,_ o Ugm = UC forme Z.

Proof. Since x, € C5°(R") and x,(0) =1, we have lim,_,o X,¢ = ¢ in
S(R") for every ¢ € S(R"). Hence lim, o0 Up = limyy00 X, = U in
S’(R") with respect to its weak-* topology. But F~! is continuous on

S'(R™), s0 lim,—y00 Up = limy00 F 11, = u in S'(R"), and since u, and
u are smooth in a neighborhood of C, we have lim,_, o t,(x) = u(x) for
every x € C.

22/44



An overview of the proof of Theorem 1

Assume Pu = f with u € &'(R") and f € £'(R"), f of moderate
growth. Since P is elliptic and f € C* in a neighborhood of C, the
functions u, and u are well-defined pointwise on C. We have

27 ) o . .
U,im = /60 e—1m9up(x(0)) =(=2m)"" /90 e—lme(up)g(elﬁ.x(e))

2
= (2 @) ([ )
6=0

27
= (_271')_”&\ <Xp(£)/9 e—imGeig.x(9)> )

=0
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Lemma. (K. & Winterrose)
Define
2w
Tm _ / e—imeeia(Xl cos 04X, sin 0)

6=0
where a € R\ {0}, m € Z, and where X; and X are arbitrary
complex constants. Writing J,,, for the Bessel function of the first
kind and integer order m, we have

T, =
™ 2 sKr X; +iXo = 0.

m=0>

{27rime(a|X1 +iXo|)exp—im/(Xy + iX2), X1+ iXa #0,
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Therefore, for any u € S'(R") satisfying Pu = f, we have

2 . .
0= (-20) " (x,(6) [ )
6=0

= (—1)"(27r)1—”i’"ﬁ(Xp(g)Jm(R\g.el + if.e2|)e—"m4<el-f+"e2-f)) :

Remark. It is a standard result that

Jm(Rr) = ,/% cos(Rr — (2m + 1)7/4) + O((Rr)~%/?), me Z,

for Rr > m?. Thus, if Xp Were omitted above, the tempered distribution 7 would
have to work on the function

Im(R|E.e1 + i§.e2|) exp —imZL(e1.€ + ie2.£),

which is not rapidly decaying. This illustrates the need for the cut-off function x, and
for analyzing the approximate spectrum Ugﬂm, 0> 0.
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Finding u

Since Pu = f in 8'(R"), we have equivalently pii = f in 5’(R"), where ¥ is of
moderate growth. Also, p € C°°(R") and p¢ € S(R") for every ¢ € S(R"), so if we
can find p~! € §'(R") such that pp~! = 1 in §'(R") then one solution of pii = f in
S'(R") is 7= fp~1. Indeed, in that case

p- (o) @) = (w )(Fa) = | Fo=Flo). oeSR).

The corresponding Fourier coefficients at C are, for m € Z,

05 = (=1)"@r)' "™~ (FE)Xp (E)Im(RIE.€1 + i€.cal) exp(—imZ(er.£ + ie2.€)))

Note that p~1 is the Fourier transform of a fundamental solution of P.
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Finding p~!

K. & Winterrose:

N g
PO = D ak [ )T + (DK = )Zh ] @15 (/)

j=1 k=1
N 9 k—n
-1 NF (ken
- Y ENENI e 1 (o) (11)
it (k — n)!

for ¢ € S(R™).

Also, p~1 € §'max{g}(Rn),
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The distributions (r — rj);kg

Hoérmander |, Sec. 3.2: For complex a, define the functions

a Xav X > 07 a 07 X 2 07
x] = and x? =
0, x <0, [x|2, x < 0.

If Ra > —1 then x2 and x? define distributions in S’(R).

Extension to all complex a by analytic continuation of the function
C3am [[°)x¢(x), ¢ € C§°(R), and by computing the residues at a = —k, k € N:

0 = gy [ 99900+ ot “(O)ZJ . 6ESR),

—1)k S _1\k—1 k—
xH@) =~ [ (o) + et Zfl, o€ SR).
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The distributions (r — rj);kg

We define the tempered distributions r;kg, k € N, by

1 0
A0 = g [ e + 1(),)27

1)' Z¢>U (0)o " (k—j~2)l, ¢ €S(R),

and

(=1~
(k=1

- _1)k—14(k=1) (@) k=1
(@) = rh(e(—) = (=1 1t "1(0)

/ * (nr)e®(=r) +
r=0 —1
k—2

- ﬁ SO (—1Y (o)oK (k—j—2)1, $ € SR),
2

respectively. Clearly, the distributions r;kg specialize to Hérmander's rj_:k when
0=

(k —1)! v
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k

The distributions (r — rj)%5,

Now for every real b the mapping 7, : R — R, 75(r) = r — b, is smooth with surjective
J_acobian. 7p(r) =1, so (Hérmander I, Theorem 6.1.2) the pullback of r:Ekg by 75 is
given uniquely by

(r=b)50) =5k (8) = 25 (8- + b)) = rik(dom,h), € SR).

Finally, we write £ = rw for £ € R", with r > 0 and w € 571 and let Cik be the
constants from the partial fraction decomposition

N N 9
[[r=m) =33 culr—m)7% r>o0, r#n.

j=1 j=1 k=1
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The trace Ug

Lemma. (K. & Winterrose)
If u=F— (fp_l) then, for every positive g and integer m,

N g
(—1)"@m)" T 0g = 30> [(r = )7+ (DR = )2k ] (12)
Jj=1 k=1
®1 (r"71w9’m>
n—1 -
° g
"l n
ZZ% o T el (Van/e), (13)
j=1 k=n -
where

Vo m(rw) = f(rw)x(rw/g)Jm(Rr|w e|)e_""4 ~), r>0, we S" Y (14)
and € = e; + ie>.
Corollary. (K. & Winterrose)

If u= ]—'_1(?;3_1) then there is a constant ¢’ and, for every positive g, a constant ¢,
such that

N
|05 | < ¢+ 0 Y (max{L, [ml %} m(Rep)| + max{L, [m|% "} i1 (Rry) )
j=1

for me Z.
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Homogeneous solutions
Lemma. (K. & Winterrose)

If u€ S'¥(R") satisfies Pu= 0 in S’(R") then i € £¢(R").
Define @ : (0,00) x S"~1 — R"\ {0} by &(r,w) = rw.

Lemma. (K. & Winterrose) If u € S’Y(R") satisfies Pu = 0 in S’(R") then there are
€ D’'9=k(S"~1) such that

ii (8"5, ® ukyj(w)) (ei’x‘w) , xeC", (15)
j=1 k=0
where

d
Z <:>(_1)kuk7j =0, je{1,---,N} (16)
J

k:qj

Theorem. (K. & Winterrose) If u € S’¥(R") solves Pu = 0 in S’(R") then there is
a constant c satisfying
‘UC( < CZ (max{L, |ml?Hm(rR)| + 8521 max{L, |m| " Hmia (5R)]), m e Z.
j=1
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Example 1: the Helmholtz equation in R"” with point source
C ={e1Rcosf + e;Rsin0, 0 € [0, 2]}
/

sing supp f C Nsing supp f =0
C N supp f # 0 in general

Pu=fe&'(R Ty ule
ue SR
> (A+K)u=0rs, inR", ne{23,...},je{l,....,n}, v €Np
» Sommerfeld radiation condition, so no nontrivial homogeneous solutions

» the unique outgoing fundamental solution:

[x]

ou(s) (—27|x|)=m/2(2ik)~15(" D/ 2 gikIx| x € R"\ {0}, n odd,
)= (7271'|x|)(2—”)/2(4i)_18|(:|_2)/2Hél)(k\XD, x € R"\ {0}, n even,

> u=(9r6y) x Pn = (=1)"(97Pn)(- — y) € S¥(R")

» we need to estimate the order d of u
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Example 1: the Helmholtz equation in R"” with point source

Lemma. (K. & Winterrose) ®, € S"("*3)/2(R") for n odd. Furthermore,
®, € S”2(R?), &4 € S”3(R*) and ®, € S'*(R") for n € {6,8,10,...}.

Remark. Our estimates of the distributional order in S’(R") of outgoing fundamental
solutions &, coincide for n =1 and n = 2; for n =3 and n = 4; and for n =5 and
n=6,8,10,....

Corollary. (K. & Winterrose) (3¢ ®)(- — y) € S'¥" T (R"), with

(n+3)/2, n odd,
2 n=2,
3, n=4,
4, ne{6,8,10,...}.

d(n) =
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" Ground truth:”
qu = (—1)”/ e_’m‘ga}’d>n(e1Rc050 + eRsinf—y), mel
0=0
For every p > 0 we have
. 27 i
US,m = (_1)1’/(9 e_’me((‘)?J’/d)n)g(echose +eRsind—y), melZ,

and, by Theorem 1,

109, < e/ cgix 4 UM - Un R+ m U (KR)) - =2,
om| = e 3+v 2+v _
(Iml [Im(kR)| + |m|*™ i1 (kR)]) . n=4,
(Im|** - [Jm(kR)| + [m[***|Jmi1(kR)[),  n=6,8,10,...,

where ¢’ and ¢, are (unknown) constants.

|m|(7+3429)/2 | g (KR)| + | m| (142972 4 (KR)]) 5 noodd,
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0L a2
|U\ n=4

05 * % Theorem 1, n = 2
‘I —— Theorem 1, n = 4
o !
L]
0 ——
N ‘ﬂ
.
sl
-0.5 |
ot
" i
ntoo
o Led
0 20 40

60 80 100

<105, -3
|U [, n=5
Theorem 1, n =3

—— Theorem 1, n = 5

dimension n

bandwidth predicted

actual
by Theorem 1 bandwidth
2 29 29
3 30 30
4 30 29
5 30 29

60 80 100

K. & Winterrose (2021). Comparison of the actual spectrum |US| with the bound
from Theorem 1. The spectrum and the bound are shifted and scaled to range in

[-1,1]. We are interested in the spectral location of the onset of rapid decay of \UC
Parameters. v=0, R=5.01, |y| =5.
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—
g e e o |UE], n=6 » 0%, n=7
= 0 Ymly Ymly
L v -’;:}x’ OS], n=8 < |OE), n=9
;_': 05 '.. x Theorem 1, n = 6 Theorem 1, n =7
B .., — Theorem 1, n =8 — Theorem 1, n =9
= - ‘( *
g 4
o0
£ %
05 ¥
;‘.;
=
0 20 40 60 80 100 60 80 100
m m
dimension n | bandwidth predicted actual
by Theorem 1 bandwidth

6 30 29

7 30 29
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K. & Winterrose (2021). Comparison of the actual spectrum \U,‘,ﬂ with the bound
from Theorem 1. The spectrum and the bound are shifted and scaled to range in _
[—1,1]. We are interested in the spectral location of the onset of rapid decay of |US|.
Parameters: v =0, R =5, y = (10,0,---,0).
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K. & Winterrose (2021). Comparison of the actual spectrum \U,‘,ﬂ with the bound
from Theorem 1. The spectrum and the bound are shifted and scaled to range in

[-1,1]. We are interested in the spectral location of the onset of rapid decay of \Uc|
Parameters: v =5, R=5, y = (10,0,---,0).
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"Bad" configurations

> |y~ R, v=0,ne€{6,7,8,9} (alow-order point source in high dimension and
close to the measurement circle C)

> |y|~ R, v=5,n¢€{2,3,4,5} (a high-order point source in low dimension and
close to the measurement circle C)

P consistent with the increasing severity of the singularity of the radiated field
having an adverse effect on the numerical computations
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Example 2: the Helmholtz equation in R? or R® with
integrable compactly supported source

vyVYY

C ={e1Rcos + e;Rsinb, 0 € [0, 2]}

/

sing supp f CNsingsupp f =10
C N supp f # () in general
Pu=f¢c&'(R") Ty ule
ueS'(R")

(A+KHYu=Ffec&RHNLP(R"), nc{2,3}, p€[l,o0]
Sommerfeld radiation condition, so no nontrivial homogeneous solutions
we get immediately that £ € L (R") C LL (R"), hence f € £°(R") N LI(R")

For any ¢ € S(R") we have f(—-) * ¢ € S(R"), so
a(0)] = I(F = ®)(@)] = [0a(F(=) <) < € 3 ()% sup |F 50"

la|<d(n)

< Cllfllagny Y- (0% sup [976(0)]
| <d(n) xeR

and consequently u € S’ (" (R"). Thus the same spectral cutoff estimates

hold as for the point source case.
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K. & Winterrose (2021). A setup with a compactly supported, piecewise constant
source in R2. Comparison of the actual spectrum |US,| with the bound from Theorem
1. The spectrum and the bound are shifted and scaled to range in [—1,1]. We are
interested in the spectral location of the onset of rapid decay of |0,§,| Parameters:

k = 2m, supp f C {|x| <5}. Theorem 1 predicts # = 29, actual bandwidth is 27.
Good correspondence with K. (2018), since

{argminen Um,1 > kRY, ... argming ey {ym,1 > kR}} = {26,...,29}

for kR = 27 - 5.01.
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K. & Winterrose (2021). A setup with a compactly supported, piecewise constant

source in R3. Comparison of the actual spectrum |US,| with the bound from Theorem
1. The spectra and the bound are shifted and scaled to range in [—1,1]. We are

interested in the spectral location of the onset of rapid decay of |L7,i’| forj=1,2,3.
Parameters: k = 2w, R = 1.01, supp f C {|x| < 1}. Theorem 1 predicts # = 6. The
actual bandwidths are 4, 4 and zero, for measurement over C1, C2 and C3, respectively.
Kirkeby, Henriksen, & K. (2020) predict

{argminmeNo{jm+1/2,1 > kR}v ) argminmENg {ym+1/2,1 2 kR}} = {37 s )5}

for kR = 27 - 1.01. The bandwidths hence appear similar for measurements over the
whole S? and along single great circles of S2.
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Conclusion

» the onset of rapid decay in the measurement spectrum U,f,
seems to be uniform over a large class of multiplier equations
Pu="f

> this onset depends on the structure of the zero set of the
multiplier symbol, and on the distributional order of the
solution u € S'¥(R"), but not on other details of the symbol
or, generally, on n

» the Bessel functions J,, dictate the non-asymptotic behavior
of the measurement spectrum, and arise from our chosen
geometry of the measurement set C
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